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Highlights
• Employing mean-field electrodynamics, we investigated the kinematic
interaction between deep zonal flow and dynamo-generated magnetic
field in the semi-conducting region of giant planets.
• Our analysis indicates that poloidal magnetic perturbation spatially
correlated with deep zonal flows is a natural outcome of this interaction.
• The amplitude of the poloidal magnetic perturbation is determined by
the amplitude of the deep zonal flow and the amplitude and statistical
properties of the deep convective flow.
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Zonal Flow Magnetic Field Interaction in the
Semi-Conducting Region of Giant Planets
Hao Cao and David J. Stevenson
Division of Geological and Planetary Sciences, California Institute of Technology,
Pasadena, CA 91125
Abstract
All four giant planets in the Solar System feature zonal flows on the or-
der of 100 m/s in the cloud deck, and large-scale intrinsic magnetic fields on
the order of 1 Gauss near the surface. The vertical structure of the zonal
flows remains obscure. The end-member scenarios are shallow flows confined
in the radiative atmosphere and deep flows throughout the entire planet.
The electrical conductivity increases rapidly yet smoothly as a function of
depth inside Jupiter and Saturn. Deep zonal flows will inevitably interact
with the magnetic field, at depth with even modest electrical conductivity.
Here we investigate the interaction between zonal flows and magnetic fields
in the semi-conducting region of giant planets. Employing mean-field elec-
trodynamics, we show that the interaction will generate detectable poloidal
magnetic field perturbations spatially correlated with the deep zonal flows.
Assuming the peak amplitude of the dynamo α-effect to be 0.1 mm/s, deep
zonal flows on the order of 0.1 – 1 m/s in the semi-conducting region of
Jupiter and Saturn would generate poloidal magnetic perturbations on the
order of 0.01 % – 1 % of the background dipole field. These poloidal pertur-
bations should be detectable with the in-situ magnetic field measurements
from the Juno mission and the Cassini Grand Finale. This implies that mag-
netic field measurements can be employed to constrain the properties of deep
zonal flows in the semi-conducting region of giant planets.
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1. Introduction
The giant planets in the solar system are natural laboratories for rotat-
ing convection and magnetohydrodynamics. The existence of deep convection
inside all four giant planets are guaranteed by the measured large intrinsic
heat flux (“large” here means larger than the heat flux that can be con-
ducted along the adiabats) and the large-scale intrinsic magnetic fields. The
dynamical details of the deep convection (e.g. amplitude, structure, and en-
ergy partitioning) and the coupling to the shallow atmospheric dynamics,
however, remain largely unknown. In terms of observations, the gravity and
magnetic field measurements from the Juno mission (Bolton, 2010) and the
Cassini Grand Finale (Spilker et al., 2014) will provide an unprecedented
opportunity to constrain the interior dynamics of Jupiter and Saturn.
Dynamics in the atmospheres of the solar system giant planets have been
inferred from cloud tracking (Porco et al., 2003; Sanchez-Lavega et al., 2000;
Vasavada et al., 2006; Baines et al., 2009; Sromovsky et al., 1993, 2001; Sro-
movsky and Fry, 2005; Hammel et al., 2005). The dominant features of the
atmospheric dynamics of all four giant planets are the east-west zonal winds
on the order of 100 m/s (Fig. 1). In the equatorial region, Jupiter and Sat-
urn feature super-rotation, while Uranus and Neptune feature sub-rotation.
Jupiter’s off-equatorial region features zonal winds with alternating direc-
tions, with the eastward flows being stronger than the westward flows when
viewed in the System III corotation frame. Saturn’s off-equatorial region fea-
tures zonal flows with varying speeds. The few minutes uncertainties in our
understanding of Saturn’s deep interior rotation rate translate into uncer-
tainties in the direction of the off-equatorial winds as well as the width of the
equatorial super-rotation (Fig. 1). The off-equatorial region of Uranus and
Neptune feature one broad super-rotation in each hemisphere. The latitude
of transition from sub-rotation to super-rotation on the surfaces of Uranus
and Neptune are affected by the uncertainties in our understanding of the
deep interior rotation rates (Fig. 1).
Intrinsic magnetic fields have been detected for all four giant planets
(Connerney, 1993, 2007; Cao et al., 2011, 2012). In terms of amplitude,
the surface magnetic fields of Saturn, Uranus and Neptune are about 0.3
Gauss (30,000 nT ), while the surface magnetic field of Jupiter is about 6
Gauss (600,000 nT ). In terms of morphology, the magnetic fields of Jupiter
and Saturn are axial dipole dominant, while the magnetic fields of Uranus
and Neptune are non-axial and multipolar. Jupiter’s magnetic dipole axis is
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tilted about 10 degrees from the spin axis, while Saturn’s magnetic dipole
axis is aligned with the spin-axis to within 0.06 degrees according to the
latest Cassini measurements (Cao et al., 2011).
Electrical conductivity inside Jupiter and Saturn increases rapidly yet
smoothly from < 10−7 S/m near the 1 bar level to 105 − 106 S/m near
the 1 − 3 Mbar level (Weir et al., 1996; Nellis et al., 1996; Liu et al., 2008;
French et al., 2012). The high electrical conductivity in the deep interior is
likely due to pressure ionization of hydrogen. The alkali metals with solar
composition would be the main contributor to the electrical conductivity in
the low pressure region. Electrical conductivity inside Uranus and Neptune
is uncertain due to two unknowns: the abundance of ice (water, methane,
ammonia) in the hydrogen-helium envelope and the abundance of hydrogen
in the ice layer. The electrical conductivity inside an ice giant planet would
only reach 103 S/m in the ice layer without significant mixing of hydrogen
(Nellis et al., 1997), and would remain below 1 S/m in the hydrogen-helium
envelope if the ice mixing ratio in the envelope is below 10% (Liu, 2006).
The highly conducting region of giant planets with electrical conductivity
greater than 1000 S/m likely feature zonal flows on the order of 1 cm/s or
less, based on Jovian magnetic secular variation measurements (Yu et al.,
2010; Ridley and Holme, 2016). The magnetic secular variation measure-
ments are not straightforward to interpret for giant planets for two reasons.
First, the rotation rate of the deep interior of giant planets is defined by the
observed rotation rate of non-axisymmetric magnetic fields. Thus only the
spatial variation of the drifts in the non-axisymmetric magnetic fields (e.g.,
caused by spatial variation of steady deep zonal flow) and the time variations
of the drifts (e.g., caused by the time variations of deep zonal flow) can be
straightforwardly detected. Second, the forward problem of observable mag-
netic secular variations for a given deep flow structure has not been solved
for a planet with radially varying electrical conductivity. We will address
the second problem in detail in a separate paper. For now, we interpret the
inferred Jovian magnetic secular variation loosely as representing flows in
regions with magnetic Reynolds number (Rm) greater than 10. We choose
Rm = 10 as the threshold to ensure the frozen-in condition is satisfied. This
interpretation indicates that deep zonal flows inside Jupiter with magnetic
Reynolds number greater than 10 should be on the order of 1 cm/s or less.
The case for Saturn is less clear. Neither any departure from axisymmetric
nor any secular variation in the axisymmetric magnetic field has been de-
tected (Cao et al., 2011), which indicates the possibility of stronger zonal
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flows in the highly conducting region of Saturn. In fact, a relatively strong
zonal-dominant flow in the outer part of the highly conducting region of
Saturn could be a natural explanation for the extreme axisymmetry of the
observed intrinsic magnetic field (Stevenson, 1980, 1982). A stable composi-
tional gradient (e.g. set up by helium rain out from hydrogen in the Mbar
region) could help ensure the dominance of zonal flows in the outer part of
the highly conducting region of Saturn (Stevenson, 1980; Morales et al., 2009;
Lorenzen et al., 2009; Wilson and Militzer, 2010).
The observed intrinsic heat flow of giant planets set an upper bound
on the internal Ohmic dissipation, when viewed on long time scales. The
calculation of Ohmic dissipation is robust and straightforward for regions
with low magnetic Reynolds number (e.g. Rm < 1), since the magnetic
field there can still be robustly estimated from potential field continuation.
The Ohmic dissipation constraint excludes 100 m/s zonal winds in regions
with electrical conductivity higher than 0.01 S/m for Jupiter and Saturn
(Liu et al., 2008). However, zonal winds on the order of 1 m/s could well
reside in the semiconducting region of giant planets. Detection of zonal
winds on the order of 1 m/s in the semiconducting region of giant planets
would indicate a relatively smooth transition of zonal flows from surface
to the deep interior. Strictly speaking, the internal Ohmic dissipation can
exceed the observed surface luminosity by a factor of (TInterior/TSurf − 1)
(Backus, 1975; Hewitt et al., 1975; Jones and Kuzanyan, 2008). Here TInterior
and TSurf are the temperatures in the deep interior and temperature near
the surface of the convective envelope respectively. This ratio is around 40
for Jupiter when considering dissipation outside 0.90 RJ . However, given
the super exponential increase of the electrical conductivity as a function
of depth inside Jupiter and Saturn, a factor of 40 makes little difference in
terms of constraining the depth of deep zonal flows from Ohmic dissipation
considerations (Liu et al., 2008).
Three-dimensional magnetohydrodynamic (MHD) simulations with strong
radial variation of electrical conductivity and density have been carried out
(Jones, 2014; Gastine et al., 2014; Duarte et al., 2013). Limited by the
currently available computational power, relatively high viscosity needs to
be adopted in these simulations. A common finding from these simulations
is that dipole-dominant magnetic field and strong deep zonal flows are in-
compatible. A single band of equatorial super-rotation confined in the low
electrical conductivity region is the most common feature in the solutions
with a dipole-dominant magnetic field. Given the difficulty of obtaining off-
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equatorial zonal jets in the currently accessible parameter space of deep shell
numerical MHD simulations, the interaction between off-equatorial jet and
deep dynamo generated magnetic field likely needs to be addressed in reduced
models.
In this paper, we investigate the inevitable interaction between zonal flows
and magnetic fields in the semi-conducting region of giant planets. In par-
ticular, we will show that such interactions, in the background of rotating
turbulent convection, will generate detectable poloidal magnetic field pertur-
bations. In section 2, we present a qualitative description of the physics of
zonal flow magnetic field interactions in the semi-conducting region of giant
planets. The equation of mean-field electrodynamics and its simplification
under the small poloidal perturbation limit are presented in section 3. Sec-
tion 4 and 5 present our analyses and calculations for Jupiter and Saturn,
followed by discussion and summary in section 6 and 7 respectively.
2. The Physics of Zonal Flow Magnetic Field Interaction in the
Semi-Conducting Region of Giant Planets
Two physical features uniquely define the physics of zonal flow magnetic
field interaction in the semi-conducting region of giant planets. The first is
the rapidly yet smoothly radial-varying electrical conductivity, and the sec-
ond is the presence of a deep dynamo (Figs. 2 & 3). Smoothly radial-varying
electrical conductivity indicates a smooth transition from hydrodynamics to
magnetohydrodynamics (MH ) inside Jupiter and Saturn. The electric cur-
rent and Lorentz force would increase smoothly as a function of depth. The
presence of a deep dynamo imposes a large-scale magnetic field in the semi-
conducting region. This background large-scale magnetic field is anchored to
the ∼ 1 cm/s flow in the deep dynamo region. Zonal flow, meridional circu-
lation, and turbulent convection in the semi-conducting region will modify
the background magnetic field via shear, advection, stretch and twist. The
Lorentz force associated with these actions will back-act on the flows. The
back-action of Lorentz force likely enters the dynamical balance of flows in-
side giant planets. However, the role of Lorentz force on planetary interior
flows is still poorly understood.
At present, we restrict our attention to the kinematic problem: the mod-
ification of the dynamo generated magnetic field by zonal flows in the semi-
conducting region. The full dynamical problem is yet to be solved. Here we
qualitatively describe the physics of the kinematic interaction. The math-
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ematical details will be given in the next section. The interaction consists
of two ingredients (Fig. 2): the generation of toroidal magnetic field by the
zonal flows acting on the background poloidal magnetic field (the dynamo
ω-effect), and the generation of poloidal magnetic perturbations by the small-
scale turbulent convection acting on the toroidal magnetic field (the dynamo
α-effect). Both the toroidal and the poloidal magnetic fields resulting from
this interaction would be spatially correlated with the deep zonal flows.
The interaction between flow and magnetic field in the semi-conducting
region is distinct from that in the deep dynamo region in several ways. First
of all, a crucial distinction between the two concerns the validity of our cur-
rent analytical tools to deal with the problem. The first order smoothing
approximation (FOSA) in the derivation of the dynamo α−effect is strictly
valid in the semi-conducting region where the magnetic Reynolds number as-
sociated with small-scale flow is small. The validity of the dynamo α−effect
in describing the magnetic field generation process in the deep dynamo region,
where Rm associated with small-scale flow is large, has been seriously chal-
lenged (Boldyrev et al., 2005; Cattaneo and Hughes, 2006, 2009; Hughes and
Proctor, 2009; Cattaneo and Tobias, 2014). Second, due to the relatively low
electrical conductivity in the semi-conducting region, magnetic diffusion is
more pronounced. As a result, spatially separated ω−effect and α−effect can
communicate effectively through magnetic diffusion (Fig. 2c). The electrical
conductivity gradient dictates an asymmetric magnetic diffusion: downward
diffusion will be more pronounced than upward diffusion due to higher electri-
cal conductivity deep down. Toroidal magnetic field generated by zonal flows
at relatively shallow depth can diffuse downward to deeper regions where the
α−effect is more efficient. Thus the poloidal field generated by the inter-
action will likely exceed the estimations from local approximations. Third,
the interaction is only expected to produce a small modification to the pre-
existing magnetic field originated from the deep dynamo region. Energetic
consideration strongly favors the wind induced poloidal magnetic field in the
semi-conducting region being small compared to the deep dynamo generated
magnetic field. Compared to the semi-conducting region, it is several orders
of magnitude more efficient to drive the same amount of electric current in
the deep dynamo region due to the several orders of magnitude higher electri-
cal conductivity. Moreover, if the poloidal field generated by the interaction
in the semi-conducting region is comparable to the deep dynamo generated
field, the magnetic field is expected to become oscillatory as shown in the
classical work of α− ω dynamo by Parker (1955) and fully dynamical MHD
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simulations (e.g. Brown et al., 2011; Ka¨pyla¨ et al., 2012; Gastine et al., 2012;
Dietrich et al., 2013; Augustson et al., 2015). Given the extremely tight up-
per bound on the time variation of the dipole moment of Jupiter and Saturn
(Yu et al., 2010; Ridley and Holme, 2016; Cao et al., 2011), an oscillatory
magnetic field with a period on the order of ∼ 100 years or shorter can
be safely ruled out. These considerations indicate that the poloidal mag-
netic field generated by the flows in the semi-conducting region likely is a
small perturbation to the deep dynamo generated poloidal magnetic field.
This realization would enable us to simplify the dynamo equations in the
semi-conducting region considerably.
3. The Mean-Field Electrodynamics Equation under the Small
Poloidal Perturbation Limit
To quantitatively describe zonal flow magnetic field interaction in the
semi-conducting region of giant planet, we turn to mean-field electrodynam-
ics (Moffatt, 1978; Krause and Raedler, 1980). The essential step in the
development of mean-field electrodynamics is the closure of the mean-field
equation: the time evolution of the mean magnetic field depends only ex-
plicitly on the mean flow and the mean magnetic field, while the interaction
between the small-scale flow and the small-scale magnetic field can be effec-
tively described by the dynamo α−effect. This closure is not guaranteed in
general. Under the condition where the magnetic Reynolds number associ-
ated with the small-scale flow (Rm′) is smaller than unity, this closure can
be achieved. Under this condition, the small-scale magnetic fields owe their
existence entirely to the small-scale flow acting on the mean magnetic field.
As one moves from the deep interior towards the outer part of the giant plan-
ets with relatively low electrical conductivity, there will be a cut-off radius
beyond which Rm′ is smaller than unity. This cut-off radius sets the lower
boundary for the semi-conducting region of giant planets, which ensures the
validity of mean-field electrodynamics in this part of the giant planets. Any
attempt to apply mean-field electrodynamics to the deep dynamo region of
giant planets should be cautioned. After a brief introduction of the mean-
field electrodynamics equation, we derive the simplification of it under the
small poloidal perturbation limit.
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3.1. The Mean-Field Electrodynamics Equation
In mean-field electrodynamics (Moffatt, 1978; Krause & Radler, 1980),
the governing equation for the mean magnetic field B reads
∂B
∂t
= ∇× (U×B + αB− ηE∇×B), (1)
where ηE is the effective magnetic diffusivity
ηE = η + β. (2)
Here η is the magnetic diffusivity (η = 1/µ0σ, where µ0 is the magnetic per-
meability of free-space and σ is the electrical conductivity), α is the dynamo
α−effect, and β is the turbulent diffusivity. Under FOSA, α and β can be
estimated as
α ∼ fl′u′2/η, (3)
β ∼ u′l′, (4)
where l′ is the typical length scale of the turbulent convective cells, f is a
coefficient measuring the relative kinetic helicity of the flow
f = −u
′ · (∇× u′)
|u′||∇ × u′| . (5)
It should be noted that α takes the unit of velocity and β takes the unit of
diffusivity. From here on, we work with the mean-fields only and drop the
over-line in the symbols for simplicity.
3.2. The Small Poloidal Perturbation Limit
As discussed in section 2, the following conditions are likely true for zonal
flow magnetic field interaction in the semi-conducting region of giant plan-
ets. 1) The dominant axial dipole components observed at Jupiter and Saturn
originate from the deep dynamo region. 2) The poloidal magnetic field re-
sulting from the interaction between zonal flow, turbulent convective flow,
and the background dipolar magnetic field in the semi-conducting region is
small compared to the background magnetic field. 3) The toroidal magnetic
field resulting from the interactions, on the other hand, needs not to be small
compared to the background magnetic field.
9
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Under these conditions, the mean-field equation under axisymmetric de-
composition B(r, θ) = ∇× (Aeˆφ) +Beˆφ gets simplified to
∂A
∂t
+
1
s
UP · ∇(sA) = αB + ηE(∇2 − 1
s2
)A, (6)
∂B
∂t
+ s∇ · (B
s
UP) = sB0 · ∇ω + ηE(∇2 − 1
s2
)B +
1
r
dηE
dr
∂(rB)
∂r
, (7)
where B0 is the background planetary dipolar magnetic field, s = r sin θ,
UP is the meridional circulation, and ω is the angular velocity ω = Uϕ/s.
The above two equations are partially decoupled: the poloidal potential A
depends on the toroidal magnetic field B, however, B is independent of A.
It can be shown that the magnetic Reynolds number of the meridional
circulation is much smaller than unity in the semi-conducting region (see
Appendix D). Thus, the meridional circulation can be ignored as a first step,
the mean-field equations get further simplified to
∂A
∂t
= αB + ηE(∇2 − 1
s2
)A, (8)
∂B
∂t
= sB0 · ∇ω + ηE(∇2 − 1
s2
)B +
1
r
dηE
dr
∂(rB)
∂r
. (9)
The steady-state solution to the above two equations are then sought through
spectral decompositions. The spectral representation of the above equations
and some details of the numerics are given in Appendix A.
The steady-state solution to partially decoupled mean-field equations (8
- 9) are further compared with time-stepping of the fully coupled mean-
field equations (B.1 - B.2 in Appendix B). The steady-state solution and the
time-stepping solution agree to within 5% when the wind-induced poloidal
perturbations are smaller than 20% of the background field (see Appendix B).
The simplicity of the steady-state solution, and the simple physical picture
underlying it, makes it the preferred way to obtain solution for this problem.
4. Order of Magnitude Analysis for Jupiter and Saturn
4.1. The Definition of the Semi-Conducting Region of Jupiter and Saturn
The profiles of the electrical conductivity, σ, and the associated scale-
height, Hσ = |σ/dσdr |, for the interiors of Jupiter and Saturn are shown in
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Fig. 3. The data from French et al. (2012) and Liu et al. (2008) and hyper-
bolic fits are displayed. (The functional form and values of the coefficients
of the hyperbolic fits can be found in Appendix C.) Electrical conductivity
on the order of 1000 S/m are reached around 0.93 RJ and 0.745 RS respec-
tively. Given that the measured jovian magnetic secular variation is on the
order of 1 cm/s (Yu et al., 2010; Ridley and Holme, 2016), the region with
electrical conductivity much greater than 1000 S/m inside Jupiter likely fea-
tures zonal flows slower than 1 cm/s, since the magnetic Reynolds number
(Rm = UHσ/η) associated with 1 cm/s flows there would be greater than
10. More importantly, mean-field electrodynamics becomes questionable in
regions with electrical conductivity much greater than 1000 S/m due to the
large Rm associated with the small-scale convection. Assuming a convec-
tive velocity on the order of 1 mm/s, and a convective length-scale on the
order of 10−2 of the planetary radius (Starchenko and Jones, 2002), the mag-
netic Reynolds number associated with small-scale convection would exceed
unity for regions with electrical conductivity greater than 1000 S/m. With
the same estimate about the typical velocity and the typical length-scale
of the convection, magnetic diffusivity in regions with electrical conductiv-
ity smaller than 1000 S/m would dominate the (total) effective diffusivity
(ηE ∼ η  β). From these estimations, the lower boundary of the semi-
conducting region of Jupiter and Saturn can be placed at 0.93 RJ and 0.745
RS respectively.
The upper boundary of the semi-conducting region can be placed where
the interaction between zonal flow and magnetic field becomes negligible.
Electrical conductivity on the order of 0.01 S/m is reached around 0.972
RJ and 0.875 RS, while electrical conductivity on the order of 10
−4 S/m
is reached around 0.98 RJ and 0.90 RS. The magnetic Reynolds number
associated with 100 m/s flows are smaller than 0.25 at a depth with σ =
0.01S/m and Hσ = 200km, and are smaller than 2.5× 10−3 at a depth with
σ = 10−4S/m and Hσ = 200km. Setting the outer boundary of the semi-
conducting region at 0.98 RJ and 0.90 RS would suffice for investigating the
interaction between zonal flow and magnetic field under most circumstances.
We notice that the radii corresponding to 0.01 S/m for Jupiter and Saturn
(0.972 RJ and 0.875 RS) turn out to be very close to the cylindrical radii at
which the equatorial super-rotation maps to the deep interior along cylinders
parallel to the spin-axis. The equatorial super-rotation observed at Jupiter
and Saturn could extend to the deep interior with constant velocity along the
spin-axis. For this particular scenario, high-degree gravity moments will be
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dominated by the mass redistribution associated with the equatorial super-
rotation (Liu et al., 2013, 2014).
4.2. Free Parameters in the Calculation
For a given zonal flow profile, a given electrical conductivity profile, and
a given background magnetic field profile, the toroidal magnetic field can
be uniquely determined from equation (9) without any further assumption
or free-parameter. To determine the measurable poloidal magnetic perturba-
tions, however, one needs to estimate the amplitude and profile of the dynamo
α−effect which is a big unknown. Here we make the following assumptions
about the dynamo α−effect for Jupiter and Saturn, based on our understand-
ing of rapidly rotating convection. 1) The dynamo α−effect is antisymmetric
about the equator. 2) In each hemisphere, the statistical properties of the
turbulent convection are uniform in the semi-conducting region. The dynamo
α−effect thus is inversely proportional to the magnetic diffusivity. 3) The
amplitude of the dynamo α−effect at the base of the semi-conducting region
is about 10% of the convective velocity. With the estimated convective ve-
locity of 1 mm/s, the amplitude of the dynamo α−effect is about 0.1 mm/s
at the base of the semi-conducting region. We adopt the following functional
form for the dynamo α−effect,
α = −α0η0
η
erf
(
θ − pi
2
0.005pi
)
, (10)
where α0 is the amplitude of the dynamo α−effect at the base of the semi-
conducting region, η0 is the magnetic diffusivity at the base of the semi-
conducting region, θ is the co-latitude, and erf is the error function. This
functional form ensures α = −α0η0/η in the majority of the northern hemi-
sphere, and α = α0η0/η in the majority of the southern hemisphere. It should
be noted that the results to be presented do not depend on the details of
the functional form. A dynamo α−effect with a simple sine dependence on
latitude and inversely proportional to magnetic diffusivity would yield very
similar results.
4.3. An Order-of-Magnitude Analysis of the Magnetic Perturbations
From equations (8) and (9), it is straightforward to make an order-of-
magnitude analysis of the magnitude of the wind induced magnetic pertur-
bations. It can be shown that
BWindTor ∼ Rm(Uφ)B0, (11)
12
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BWindPol ∼ Rm(α)BTor, (12)
BWindPol ∼ Rm(α)Rm(Uφ)B0, (13)
here B0 is the amplitude of the background magnetic field, and
Rm(Uφ) =
UφHσ
η
, (14)
Rm(α) =
αHσ
η
, (15)
It is important to realize that the two magnetic Reynolds numbers are gen-
erally evaluated at different conductivity levels, since diffusion is efficient
in the semi-conducting region. We will compare the results from numerical
calculations to these scalings.
5. Calculation for Jupiter and Saturn
We conducted a series of calculations of zonal flow magnetic field in-
teractions for Jupiter and Saturn. We solved the spectral representation of
equations (8) and (9) using the Chebyshev collocation method (see Appendix
A). The typical resolution adopted in our calculations is 480 Chebyshev grid
points in the radial direction and 360 Gaussian-quadrature grid points in
the latitudinal direction. Only hemispherically symmetric winds are con-
sidered for simplicity. For each planet, two surface wind profiles are built
via mirroring the northern hemisphere wind to the southern hemisphere and
vice versa. These surface wind profiles are first projected onto order-1 as-
sociated Legendre polynomials, P 1n(cos θ), then truncated at degree 100 to
ensure smoothness.
5.1. A Single Equatorial Jet
First, we investigate the interaction between a single equatorial zonal
jet and the deep dynamo generated magnetic field. For this calculation, we
are mostly interested in the case where the equatorial jet closely resembles
that observed at the surface of Jupiter and Saturn. We project the observed
equatorial jet along the direction of spin-axis into the deep interiors of Jupiter
and Saturn, and calculated the magnetic Reynolds number associated with
these flows in the equatorial plane (Fig. 4). It can be seen that the peak
magnetic Reynolds number reach ∼ 0.02 and ∼ 0.03 for Jupiter and Saturn
13
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respectively. Relatively smooth equatorial zonal wind profiles that closely
resemble those observed are adopted in the numerical calculations (Fig. 4).
For these two particular calculations, we extend the outer boundary of the
semi-conducting region to 0.985 RJ and 0.95 RS respectively.
Fig. 5 shows some of the details for the Jupiter calculation. Panel (a)
shows the zonal flows, panel (b) shows the magnetic Reynolds number as-
sociated with the zonal flows, panel (c) shows the dimensionless interaction
(forcing) parameter s(B∗0 · ∇ω)H2σ/η, where B∗0 is the dimensionless back-
ground magnetic field while all other quantities are dimensional, and panel
(d) show the resulted toroidal magnetic field, ∆Bϕ, due to the flow shear
(ω−effect). The latitude radial distance projection is adopted for better
visualization.
It can be seen that the wind induced toroidal magnetic field is on the
order of 1.5× 10−3 of the background dipole field for Jupiter, which is about
one order of magnitude lower than Rm(Uφ). This is likely due to the geo-
metrical properties of an axial dipole magnetic field near the equator: the
cylindrical radial component of a dipole magnetic field approaches zero as
one approaches the equatorial plane, and yet the shear of an equatorial jet is
entirely in the cylindrical radial direction. As the equatorial jet of Jupiter is
very narrow, the geometrical effect is pronounced. This geometrical property
is well reflected in the dimensionless interaction parameter s(B∗0 · ∇ω)H2σ/η.
It can be seen in Fig. 5 that the peak toroidal field strength is very close to
the peak value of the dimensionless interaction parameter.
Downward diffusion of the toroidal magnetic field is prominent in these
two calculations. It is clear from Fig. 5 that although the interaction between
the zonal flow and the background magnetic field peak strongly near the outer
boundary, the toroidal magnetic field generated by the interaction diffuses
downward. This downward diffusion can be most easily understood through
visualizing the electric currents. The right panel of Fig. 6 displays the
streamlines of the electric current in the meridional plane for the Saturn
case. It can be seen that horizontal currents in the interaction region converge
into radial currents and penetrate downward into regions with high electric
conductivity. Although the electrical currents penetrate into deeper regions,
the Ohmic dissipation is dominated by the relatively shallow regions since
q = J2/σ. Thus for relatively constant current density as a function of radial
distances, the Ohmic dissipation is dominated by regions with low electric
conductivity. The integrated Ohmic dissipation are 1.5× 10−5 W/m2 for the
Jupiter case and 5× 10−6 W/m2 for the Saturn case, which are many orders
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of magnitude smaller than the observed heat flux at the surface of Jupiter
and Saturn.
Fig. 7 shows the wind induced radial magnetic field at 0.985 RJ and 0.95
RS in these two calculations. The induced radial magnetic field associated
with the observed equatorial super rotation take a dipolar geometry and very
small values: 5×10−6 and 3×10−5 of the background dipole field respectively.
These translate into∼ 2 nT and∼ 0.7 nT for Jupiter and Saturn respectively,
which are extremely unlikely to be detectable.
Thus even if the observed surface equatorial super rotation at Jupiter
and Saturn project into the interior of the planets with constant velocity
along the direction of the spin-axis, only negligible modifications to the deep
dynamo generated magnetic field are expected.
5.2. Off-Equatorial Jets
We then proceed to calculate the interaction between the off-equatorial
jets and the background magnetic field. For these calculations, different zonal
flow profiles in the semi-conducting region are defined by three parameters:
the transition depth, rT , peak amplitude at the transition depth, U0, and
vertical scale height of the wind below the transition depth, Hω. The cylin-
drical radial dependence of the zonal flows is simply the surface zonal wind
projected along the spin-axis. Zonal flows in the semi-conducting region can
be expressed as
Uϕ(r, θ) = f(r)U
Surf
ϕ (r sin θ), (16)
here f(r) is the radial decay function which takes the following functional
form
f(r) = UMatch exp
(
r − rT
Hω
)
, r ≤ rT (17)
f(r) =
[
1 + (UMatch − 1)
(
r − rP
rT − rP
)D]
, r > rT (18)
where
UMatch =
U0
max
[
USurfϕ (rT sin θ)
] , (19)
D =
(rP − rT )UMatch
(1− UMatch)Hω , (20)
and rP is the radius of the plant. Fig. 8 displays a few examples of the
radial decay function of the zonal flows in the semi-conduction region. This
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radial decay function ensures the smoothness of the zonal flows and allows
for larger vertical scale heights outside the transition depth. In all the off-
equatorial jets calculations presented here, we fix the transition depth to
0.972 RJ for the Jupiter cases, and to 0.875 RS for the Saturn cases. The
choices for these particular values are guided by the observational fact that
these are the depth at which the equatorial super-rotation would touch the
deep interior along cylinders parallel to the spin-axis. We then surveyed
U0 from 10 m/s to 0.1 m/s and Hω from 100 km to 1000 km. The outer
boundary of the semi-conducting region for these calculations are set at 0.98
RJ and 0.90 RS respectively. We extend the outer boundary to 0.985 RJ
and 0.95 RS for a few test cases and observe no difference in the resulting
magnetic field perturbations.
The upper panels of Fig. 9 show the scaled wind induced Br and the
scaled zonal flow velocities at the transition depth from one calculation for
Jupiter and Saturn respectively. In both cases, U0 = 1 m/s and Hω =
200 km. It can be seen that the magnetic perturbation generated by the
zonal flow magnetic field interaction are spatially correlated with the zonal
flows, even when evaluated at the transition depth. The peak amplitude
of wind induced Br scaled to B0 at the transition depth from the survey
calculations are shown in the lower panels of Fig. 9. It can be seen that
1 m/s wind with vertical scale height between 100 km and 500 km would
generate poloidal magnetic perturbations on the order of 0.01% - 1% of the
background dipole field when evaluated at 0.972 RJ and 0.875 RS. The
integrated Ohmic dissipation associated with all wind profiles considered
here is smaller than the observed surface heat flux of Jupiter (5 W/m2) and
Saturn (2 W/m2) respectively. Parameter space with Rm(Uφ > 1 cm/s)
exceeding 10 is shaded in light green on the same figure.
Fig. 10 shows some details for the two calculations shown in the upper
panels of Fig. 9. Panels (a) & (e) show the zonal flows and the background
magnetic field, panel (b) & (f) show the dimensionless interaction (forcing)
parameter, s(B∗0 · ∇ω)H2σ/η, panels (c) & (g) show the resulted toroidal
magnetic field (∆Bϕ) due to the shear (dynamo ω−effect), and panels (d)
& (h) show the resulted poloidal magnetic field (∆Br,θ) due to the dynamo
α−effect using field lines. The efficient downward diffusion of the toroidal
magnetic field is clearly visible in this figure.
Fig. 11 compares the amplitude of the wind induced poloidal magnetic
field in the numerical calculations with the scaling relation (13). It can be
seen that the scaling relation (13) predicts the amplitude of the poloidal
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perturbations reasonably well. Almost all the Saturn calculations can be
described by the scaling relation (13) with a numerical pre-factor of 0.2.
The Jupiter calculations can be described by the scaling relation (13) with a
numerical pre-factor between 0.1 and 0.5. The Jupiter cases with magnetic
perturbations below 1% are better described with a numerical per-factor
of 0.5 while the Jupiter cases with magnetic perturbations above 1% are
better described with a numerical per-factor of 0.1. Since Rm(Uφ) is only a
crude proxy for the generation of toroidal magnetic field from the interaction
between zonal flow and background magnetic field, one should not expect
the scaling relation to apply with a universal pre-factor.
These calculations indicate that if zonal flow on the order of 1 m/s exist in
the semi-conducting region of Jupiter and Saturn, poloidal magnetic pertur-
bations, spatially correlated with the zonal flows, on the order of 0.01% - 1%
of the background dipole field will be induced. These magnetic perturbations
should be detectable with low altitude orbital magnetometer measurements
with good latitudinal coverage, such as those to be provided by the Juno
mission and the Cassini Grand Finale.
6. Observational Detection of Wind Induced Magnetic Perturba-
tions
In terms of observational detection of wind induced magnetic perturba-
tions, there are two choices to evaluate the signal: in real space and in spec-
tral space. Given that we do not have a predictive theory for the magnetic
spectra of the deep dynamo field, our analysis and conclusion concerning the
detection of wind induced magnetic perturbations in spectral space should
be regarded as tentative.
Viewing the wind induced magnetic field in real space, it can be seen in
the upper panels of Fig. 9 that wind induced Br have the same number of
peaks as the off-equatorial zonal flows. Both the off-equatorial zonal flows
and the wind induced Br in the Jupiter case have five broad peaks. Both
the off-equatorial zonal flows and the wind induced Br in the Saturn case
have three broad peaks. Observational detection of wind induced magnetic
field in real space likely proceeds with a regional inversion of magnetic field
(e.g. Br between 10 degrees latitude and 60 degrees latitude in the northern
hemisphere) at 0.972 RJ and 0.875 RS. One would then high-pass filter the
regional magnetic field and retaining the magnetic field with length-scale
comparable to or shorter than the typical length-scale of the zonal winds
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in the latitudinal direction. This procedure would resemble the detection of
regional crustal magnetic field as had been applied to Mars and Mercury (e.g.
Johnson et al., 2015; Plattner and Simons, 2015). The details would need to
be worked out with the actual orbital trajectories of the measurements.
One could also view the wind induced magnetic field in spectral space.
Fig. 12 displays the magnetic power spectra of the wind induced magnetic
field at the surface of Jupiter and Saturn. The power spectra of the observed
low degree axial magnetic field and two empirical predictions for the dynamo
generated magnetic field are displayed. Only axial magnetic moments are
taken into account in all the spectra displayed in Fig. 12. For Jupiter, the
two empirical predictions for the power spectra of deep dynamo generated
magnetic field result from assuming that the axial magnetic power of high
harmonic degrees equal to that of axial quadrupole at 0.90 RJ and to that of
axial octupole at 0.90 RJ . For Saturn, the two empirical predictions for the
power spectra of deep dynamo generated magnetic field result from assuming
that the axial magnetic power of high harmonic degrees equal to that of
quadrupole at 0.5 RS and to that of octupole at 0.5 RS. It can be seen from
this exercise that the wind induced magnetic field may show up in the spectral
space at Saturn. The magnetic power from a 1 – 10% wind induced magnetic
field will exceed that from the deep dynamo starting around degree 10 at
Saturn. The power spectra of the wind induced magnetic field at Jupiter
would have a similar slope as that of the deep dynamo generated magnetic
field. Thus, analyzing the data in real space might be preferred for Jupiter.
7. Summary and Conclusion
Understanding the specific realization of hydrodynamics and magnetohy-
drodynamics under the conditions of giant planet interiors remains a theoret-
ical and observational challenge. One specific aspect of the puzzle concerns
the nature of the east-west dominant zonal flows observed on the surface of
all four solar system giant planets. It is yet to be decided whether these flows
are shallow atmospheric phenomenon or surface manifestation of deep inte-
rior dynamics. The upcoming gravity and magnetic field measurements from
the Juno mission and the Cassini Grand Finale would provide observational
constraints to this problem.
The physics and application of gravitational sounding of deep zonal flows
inside giant planets have been extensively studied (Hubbard, 1999; Kaspi
et al., 2010; Liu et al., 2013; Zhang et al., 2015; Wisdom and Hubbard,
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2016; Kaspi et al., 2016; Galanti et al., 2017; Cao and Stevenson, 2017).
However, relatively small amount of efforts have been made to understand
the physics and application of magnetic sounding of deep zonal flows. Here
we investigate the interaction between zonal flow and magnetic field in the
semi-conducting region of Jupiter and Saturn. The semi-conducting region
here refers to regions with electrical conductivity between 10−4 S/m and
1000 S/m, which resides around 0.95 RJ for Jupiter and 0.80 RS for Saturn.
Employing mean-field electrodynamics, we show that ∼ 1 m/s zonal flows
in the semi-conducting region of Jupiter and Saturn can induce poloidal
magnetic perturbations on the order of 0.01% – 1% of the planetary dipole
field. These poloidal magnetic perturbations would be spatially correlated
with the zonal flows. Detection of such poloidal magnetic perturbations by
the Juno mission and the Cassini Grand Finale would indicate that zonal
flows on the order of 1 m/s exist in the upper semi-conducting region of
Jupiter and Saturn. Combined analysis of gravity and magnetic field would
further constrain the details of deep zonal flows inside giant planets.
Appendix A. Spectral Representation of the Mean Field Equa-
tions
Given that (∇2− 1
s2
) is the action in the mean-field equation under axisym-
metry in the spherical coordinate (eqns 6-9), the natural functional bases to
express A & B are order-1 associated Legendre polynomials P 1n(cos θ).
Since
(∇2 − 1
s2
)P 1n(cos θ) = −
n(n+ 1)
r2
P 1n(cos θ). (A.1)
It should be emphasized that order-1 associated Legendre polynomials are
only functions of θ. Their association with non-axisymmetric moments of
spherical harmonics are implemented through a further multiplication with
eiφ
After projecting A and B onto P 1n
A =
Nmax∑
n=1
an(r)P
1
n(cos θ), (A.2)
B =
Nmax∑
n=1
bn(r)P
1
n(cos θ), (A.3)
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and projecting sB0 · ∇ω and αB onto P 1n
sB0 · ∇ω =
Nmax∑
n=1
wn(r)P
1
n(cos θ), (A.4)
αB =
Nmax∑
n=1
zn(r)P
1
n(cos θ), (A.5)
one only needs to solve the following ordinary differential equations (ODEs)
for an & bn,
d2bn
dr2
+ (
2
r
+
1
η
dη
dr
)
dbn
dr
+ [
1
r
1
η
dη
dr
− n(n+ 1) 1
r2
]bn +
wn
η
= 0, (A.6)
d2an
dr2
+
2
r
dan
dr
− n(n+ 1) 1
r2
an +
zn
η
= 0. (A.7)
The vacuum outer boundary condition is
bn(ro) = 0, (A.8)
dan
dr
+
n+ 1
r
an = 0, (A.9)
while the finite conducting steady-state inner boundary condition is
dbn
dr
− n
r
bn = 0, (A.10)
dan
dr
− n
r
an = 0. (A.11)
We further project an(r) and bn(r) onto Chebyshev polynomials. The spec-
tral equations (A.6) and (A.7) can then be solved using Chebyshev colloca-
tion methods (e.g. Peyret and de Vahl Davis, 2003; Glatzmaier, 2013). The
typical resolution adopted in our calculations is 480 Chebyshev grids in the
radial direction and 360 Gauss-quadrature grids in the latitudinal direction.
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Appendix B. Time Stepping the Coupled Mean Field Equations
We have performed time stepping of the mean field dynamo equations
with and without the feedback term introduced by the poloidal magnetic
perturbations s(∇× Aeˆφ) · ∇ω. Neglecting meridional circulation, the fully
coupled mean-field equations with the feedback term read
∂A
∂t
= αB + ηE(∇2 − 1
s2
)A, (B.1)
∂B
∂t
= sB0 · ∇ω + s(∇× Aeˆφ) · ∇ω + ηE(∇2 − 1
s2
)B +
1
r
dηE
dr
∂(rB)
∂r
. (B.2)
Crank-Nicolson time integration scheme is adopted for the linear terms,
while second-order Adams-Bashforth integration scheme is adopted for the
non-linear terms (e.g. Glatzmaier, 2013). Fig. B.13 compares time stepping
of the fully coupled equation (B.1 - B.2) to the steady-state solution of the
partially de-coupled equation (8 - 9). It can be seen that the wind-induced
poloidal magnetic perturbations calculated from these two approaches agree
within 5% when the wind-induced perturbation is smaller than 20% of the
background field.
Appendix C. Hyperbolic Fit to the Electrical Conductivity Profile
of Jupiter and Saturn
Given the super-exponential decay of electrical conductivity in the outer
part of Jupiter and Saturn, we adopted a hyperbolic fit to ensure convergence
in our numerical calculations following Jones (2014). The functional form for
the magnetic diffusivity is
η = exp
(
u+
√
u2 − v
)
, (C.1)
u =
1
2
[
(g1 + g3)
r
rP
− g2 − g4
]
, (C.2)
v =
(
g1
r
rP
− g2
)(
g3
r
rP
− g4
)
− g5, (C.3)
and (
logη − g1 r
rP
+ g2
)(
logη − g3 r
rP
+ g4
)
= g5. (C.4)
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The numerical values for the fits to Jupiter and Saturn are given in the
following table. The hyperbolic fit to Saturn is only valid for regions between
0.65 RS and 0.90 RS. The fit, Jupiter 1, is valid for regions below 0.972 RJ ,
while the fit, Jupiter 2, is valid for regions between 0.93 RJ and 0.98 RJ .
Table C.1: Values of the Coefficients of the Hyperbolic Fit
g1 g2 g3 g4 g5
Jupiter 1 299.0800 274.9000 1.7781 1.8010 20.2800
Jupiter 2 645.8075 611.4202 246.0274 222.5444 0.2192
Saturn 274.9279 200.6415 32.4004 17.6856 3.5435
Appendix D. Meridional Circulation and its Transportation of Mag-
netic Fields
Meridional circulation associated with deep zonal flows of giant planets
has been extensively discussed in Schneider and Liu (2009) and Liu and
Schneider (2010). The general principle is the following: any divergence of
stress associated with differential rotation in the system (e.g. Reynolds stress,
Maxwell stress, viscous stress) would drive meridional circulation. Here we
derive the magnetic Reynolds number associate with the meridional circula-
tion driven by the Lorentz force (the divergence of the Maxwell stress). This
quantifies the efficiency of meridional circulation in transporting magnetic
fields.
In the semi-conducting region, the meridional circulation driven by the
Lorentz force would satisfying the following condition
2ρΩ× uMC = (∇×B)×B
µ0
. (D.1)
The order-of-magnitude estimation of the meridional circulation thus is
uMC =
1
2ρΩ
B2
µ0lJ
RmUϕ , (D.2)
where RmUϕ = UϕHσ/η. The magnetic Reynolds number associated with
the meridional circulation is
RmMC =
uMCHσ
η
. (D.3)
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Substitute (D.2) into (D.3), we get
RmMC =
σB2
2ρΩ
Hσ
lJ
RmUϕ , (D.4)
in which σB2/2ρΩ is simply the Elsasser number. With any reasonable
assumption about RmUϕ , the magnetic Reynolds number associated with
meridional circulation in the semi-conduction region of Jupiter and Sat-
urn would be much smaller than unity. (Remember that Ohmic dissipa-
tion constraint excludes the possibility that RmUϕ can reach 10 in the semi-
conducting region of Jupiter and Saturn.) Moreover, this is a local effect.
The advection of the poloidal field lines by the meridional circulation acts
locally at where there are zonal wind shear. For example, assuming lJ = Hσ,
RmUϕ ∼ 1 at 0.972 RJ and 0.875 RS respectively, RmMC would be on the or-
der of 10−8 and 10−10. Thus the meridional circulation driven by the Lorentz
force in the semi-conducting region of giant planet would be rather inefficient
at transporting magnetic fields.
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Figure 1: Observed surface zonal wind and magnetic field profile for solar system giant
planets. The zonal wind profile for Jupiter and Saturn shown here are from Cassini and
Voyager observaions (Porco et al., 2003; Sanchez-Lavega et al., 2000; Vasavada et al., 2006;
Baines et al., 2009), while the zonal wind profile for Uranus and Neptune shown here are the
empirical fits to Hubble Space Telescope (HST) and Voyager 2 observations (Sromovsky
et al., 1993, 2001; Sromovsky and Fry, 2005; Hammel et al., 2005). Not many observational
constraints exist for zonal winds on Uranus and Neptune at latitude beyond 75 degrees
north and south, but the winds likely decrease to zero smoothly towards the poles. The
uncertainties in our understanding of the deep interior rotation rates of Saturn, Uranus
and Neptune affect the details of the surface zonal wind profiles. The surface magnetic
field profiles are based on the Galileo 13 model for Jupiter (Yu et al., 2010), Cassini 5
model for Saturn (Cao et al., 2012), Umoh model and Nmoh model truncated at degree
and order 3 for Uranus and Neptune (Holme and Bloxham, 1996).
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Figure 2: Physics of zonal flow magnetic field interaction in the semi-conducting region
of giant planets. The interaction consists of two ingredients: the generation of toroidal
magnetic field by the zonal flows acting on the background poloidal magnetic field (the
dynamo ω-effect), and the generation of poloidal magnetic perturbations by the small-scale
turbulent convection acting on the toroidal magnetic field (the dynamo α-effect). Both the
toroidal and the poloidal magnetic field resulting from this interaction would be spatially
correlated with the deep zonal flows. Due to the relatively low electrical conductivity in
the semi-conducting region, spatially separated ω−effect and α−effect can communicate
effectively through magnetic diffusion. Toroidal magnetic field generated by zonal flows
at relatively shallow depth can diffuse downward to deeper regions where the α−effect is
more efficient (panel c).
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Figure 3: Electrical conductivity and the associated scale height for the interiors of Jupiter
and Saturn. The data from French et al. (2012) and Liu et al. (2008) and hyperbolic fits
are displayed. (The functional form and values of the coefficients of the hyperbolic fits can
be found in Appendix B.) Electrical conductivity on the order of 1000 S/m are reached
around 0.93 RJ and 0.745 RS , while electrical conductivity on the order of 10
−4 S/m are
reached around 0.98 RJ and 0.90 RS .
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Figure 4: The magnetic Reynolds number in the equatorial plane associated with the
observed surface equatorial super rotation at Jupiter and Saturn projected along the di-
rection of the spin axis. It can be seen that the peak values of the magnetic Reynolds
number reach ∼ 0.02 and ∼ 0.03 for Jupiter and Saturn respectively. Relatively smooth
equatorial zonal wind profiles adopted in the numerical calculations are displayed as well.
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Figure 5: Physics of zonal flow magnetic field interaction for the observed equatorial jet at
Jupiter. Panel (a) shows the zonal flows, panel (b) shows the magnetic Reynolds number
associated with the zonal flows, panel (c) shows the dimensionless interaction (forcing)
parameter, s(B∗0 · ∇ω)H2σ/η, and panel (d) shows the resulted toroidal magnetic field,
∆Bϕ, due to the shear (ω−effect).
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Figure 6: The dimensionless interaction (forcing) parameter, s(B∗0 · ∇ω)H2σ/η, and the
stream line of the electric currents in the meridional plane in the single equatorial jet
Saturn case. It can be seen that horizontal currents in the interaction region converge into
radial currents and penetrate downward into regions with high electric conductivity.
34
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
Latitude [deg]
-80 -60 -40 80
∆
 
B r
/B
0 
@
 0
.9
5 
R
S
× 10-5
-4
-3
-2
-1
0
1
2
3
4
20 40 60-20 0
∆
 
B r
/B
0 
@
 0
.9
85
 R
J
× 10-6
-6
-4
-2
0
2
4
6
Latitude [deg]
-80 -60 -40 8020 40 60-20 0
Figure 7: Profiles of the wind induced Br in the single equatorial jet cases evaluated at
0.985 RJ and 0.95 RS respectively.
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Figure 8: A few examples of the radial decay function adopted for the deep zonal winds
(eqns 17 - 20).
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Figure 9: Profile and amplitude of wind induced magnetic field for off-equatorial jets. The
upper panels show the scaled wind induced Br and the scaled zonal flow velocities at the
transition depth from one calculation for Jupiter and Saturn respectively. In both cases,
U0 = 1 m/s and Hω = 200 km. It can be seen that the wind induced Br are spatially
correlated with the zonal flows. The lower panels display the peak amplitude of the wind
induced Br scaled to B0 at the transition depth from the survey calculations. It can
be seen that 1 m/s wind with vertical scale height between 100 km and 500 km would
generate poloidal magnetic perturbations on the order of 0.01% - 1% of the background
dipole field. In the lower panels, parameter space in which magnetic Reynolds number
associated with 1 cm/s zonal flows exceeding 10 are shaded in light green.
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Figure 10: Physics of zonal flow magnetic field interaction for the off-equatorial jet cases.
Panels (a) & (e) show the zonal flows and the background magnetic field, panels (b) &
(f) show the dimensionless interaction (forcing) parameter, s(B∗0 · ∇ω)H2σ/η, panels (c) &
(g) show the resulted toroidal magnetic field (∆Bϕ) due to the shear (dynamo ω−effect),
and panels (d) & (h) show the resulted poloidal magnetic field (∆Br,θ) due to the dynamo
α−effect using field lines.
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Figure 11: Amplitude of wind induced poloidal magnetic perturbations in the numerical
calculations compared to the scaling relation (13). Almost all the Saturn calculations
can be described by the scaling relation (13) with a numerical pre-factor of 0.2. The
Jupiter calculations can be described by the scaling relation (13) with a numerical pre-
factor between 0.1 and 0.5. The Jupiter cases with magnetic perturbations below 1% are
better described with a numerical per-factor of 0.5 while the Jupiter cases with magnetic
perturbations above 1% are better described with a numerical per-factor of 0.1.
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Figure 12: Magnetic power spectra of the wind induced poloidal magnetic field evaluated
at the surface of Jupiter and Saturn. The power spectra of the observed low degree axial
magnetic field and two empirical predictions for the dynamo generated magnetic field are
displayed. The magnetic power from a 1 – 10% wind induced magnetic field will exceed
that from the deep dynamo field starting around degree 10 for Saturn, while the magnetic
power spectra of the wind induced magnetic field at Jupiter would have a similar slope as
that of the deep dynamo generated magnetic field. Thus, analyzing the data in real space
might be preferred for Jupiter. Given that we do not have a predictive theory for the
magnetic power spectra of the deep dynamo field, our analysis and conclusion concerning
the detection of wind induced magnetic perturbations in spectral space should be regarded
as tentative.
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Figure B.13: Comparison of wind induced poloidal magnetic perturbations from time
stepping of the coupled mean-field equations (B.1 - B.2) and steady-state solution of the
partially decoupled mean-field equations (8 - 9). Upper panels show the time evolution
of the solutions in Legendre space (e.g. equation A.2), while the lower panels show the
solutions in real space. It can be seen that results from time stepping of the coupled mean-
field equations agree within 5% of the steady-state solution of the partially decoupled
mean-field equations, when the wind-induced perturbation is smaller than 20% of the
background field
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